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Flavour physics and the CKM matrix

e Quark flavour physics is an active area of research Vid Vus Vb
focusing on indirect search for signal of physics Vie Vs Va
beyond the Standard Model (SM) Via Vis Vi

e Quark flavours mixing is parametrised by the
elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix

ViaV,

*
ub

ViV

e CKM matrix elements determined matching
calculations with measurements

(0,0) (1,0)

e Precise determination of CKM matrix elements is

. [PDG, CKM review]
challenging
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A long standing tension ...

There is a perisitent tension between the inclusive and exclusive determination of the CKM
matrix elements |V | and |Vy:

FLAG2023
|Ves| 4.5 B—»D*év - -
=3 Inclusive
Inclusive  (42.00 £0.64) - 1073 OPE
Exclusive (39.48 £0.67)-1073 LQCD .
o
|Vub| %
=35
Inclusive  (4.3240.29)-107%  OPE
Exclusive  (3.57+£0.13)-107% LQCD
[FLAG 23] 3
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V| puzzle

The PDG avarage of |V| is: (40.84+1.4)-1073

Even though it is unlikely to signal new
physics, understanding the |V,| puzzle is

. . 4.5 B-D"Iv
important because: B-Dtv  |inclusive

FIAG2023

i. signal something not yet understood in
exclusive or inclusive analysis with possible
implications affecting R(D*)

ii. limited accuracy of |V| affects FCNC
studies in an important way

[Gambino, Jung, Shacht, Phy. Lett. B, 1905.08209]
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V| puzzle

The PDG avarage of |V| is: (40.84+1.4)-1073

Even though it is unlikely to signal new
physics, understanding the |V,| puzzle is FIAG2023
important because:

4.5 B-D"Iv
B-D{v inclusive

i. signal something not yet understood in
exclusive or inclusive analysis with possible
implications affecting R(D™)

ii. limited accuracy of |V| affects FCNC
studies in an important way

[Gambino, Jung, Shacht Phy. Lett. B, 1905.08209]
-» How can we address this issue?
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Inclusive semileptonic B-decays

dr _ GplVal
dq?dq°dE, (2m)3

Ly WH

T 3 A ~
Wi (0) = S (B OO — )5 (P + 0)1,|Bo(0))

= encapsulate the non-perturbative QCD contribution

l l
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Calculation strategy [Gambino, Hashimoto, PRL, 2005.13730]

After performing E, integration, we work in the B;—meson rest frame and write in compact

form:
241 2 z/ e 2
dw X(w, q
GEIVal? \vb|2 i %' a ), wXed)
with
Wmin = 4/ m%s + q27 Wmazx = MB, — |Q|
where X (w, g?) is a linear combinations of W:
2
X(w,q*) = (Wmaz — )W (w, g%
1=0
WO o0y 3 00 iy & o gy
P /@ /G /42
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W, vanishes for w < wpin, so we introduce the kernel

@(l) (wmax - w) = (Wmax - W)lg(wmax - W)

so that:

Z(l)(q2) = / dw 9(1)(wmw - w) w® (w,qZ)
0

and

247 2-1 (1)
Y R ZHZ a’)
G|V|dq prs

=» In order to compute the inclusive decay rate we need to solve the integral over w.
Can we do this using lattice QCD correlators?
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Decay rates from Euclidean correlators

On the lattice we can compute the forward-scattering matrix element from the 4-point
function:
eiqm

Gtz — t1,q) = el / &’z o ——(By(0)|J}(x, t2)J,(0,11)| Bs(0))
2mB B

S

where:

) C (t k, b2, 11 tsrc)
Gty —ti;q) =  lim PR
w(ta —t1;q) tanie 300 Ctonte — £2)C(t1 — tore)

tsre——00

Cm/(tsnkv t27 tla tsrc)

[Hashimoto, PTEP, 1703.01881 - Hansen, Meyer, Robaina, PRD, 1704.08993 - Gambino, Hashimoto, PRL,

2005.13730]
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We can find a connection between lattice correlators and the hadronic tensor:
Guu(ts —t1,q) = e~meslt2=tl / d*ze™ " (B(0)|J}(x, t2)J,(0,11)| B(0))
- / dx (B(0)|}(0)e ==t (P=a)2 1 (0)| B(0))
_ + —Hlto—t1] 53/ 1
= (B(0)|J}(0)e~ 1053 (P — q).J,(0)|B(0))

= /dw e~ 0l(B(0) JH(0)6(H — w)6* (P — )J,(0)| B(0))

hence:

G;w(t; Q) = /0 dw Wuu(wa Q) et
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Spectral densities & inverse problem

The problem of extracting W,,,(w, g?) from 4-point correlators is equivalent to extracting p(w)
from 2-point correlators.

[e.e]
C(t) :/ dw pr(w) K(w,t)
0
It requires solving an inverse problem which is ill-posed for lattice QCD correlators

This issue has been investigated for a long time especially in the context of finite temperature
lattice QCD simulation

Currently there are several approaches to tackle the inverse problem:

o Backus.Gilbert e Bayesian inference (MEM, BR)

e Chebyshev Polynomials e Machine Learning/Neural Network,
Gaussan Processes
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Spectral reconstruction
The central idea is that we can calculate numerically

Then, spectral functions can be reconstructed applying linear combination of coefficients to
LQCD correlators:

E) = [ e pr()K (o, B) = gg@) | e pure
~ 3 g(E)C()
t=0

In an ideal scenario: K(FE,w) = d(w — F), so that
o
pE) = [ do 8w - Eypute)
0
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Smeared kernels
In practice, we can numerically calculate only a smeared version of the §—function.

tmax

Po.(E) = /000 dw pr(w)As(E,w) Ag(E,w) = th(a, E) et
t=0

121 —— target

10 4

AG(W - E)

0.10 0.15 0.20 0.25 0.30
aF
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Smeared kernels

Following this recipe, we can extract the hadronic tensor:

WoalE. ) = / dw Wi (w, ¢*) Ko (B, w) Ko(B,w) =)  gi(o, B) e™"
' t=0
choosing K, (w) = Ay (w, E)
7O B = [ do WO, q?
Wo’,L(E7q ) :/O dw WL (qu )AU(W,E)
o0 . 12 f—
= th(a,w) / dw W,—E)(w,qQ) e—awt lz
¢ 0 a°
=" 0u(0.0)G O at: ¢?) -
t

WW(E, ¢?) = lim lim I//I\/’(Sli(E, q*)

oc—0 L—o0
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Comments on the limits

WW(E, ¢%) = lim lim W(f)L( .q°)

0—0 L—oo

e Smearing allow to replace ) 4, with a smooth function. This is necessary to perform a
meaningful infinite volume limit.

[Hansen,Meyer,Robaina, PRD, 1704.08993]

e o — 0 is not strictly necessary, if we want to compare with an experimental result which
can be equally smeared as our spectral density.
[Hansen,Lupo, Tantalo, PRD, 1903.06476]
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Integration kernel
O]

However, we can instead use K, = O’ (W — Wax):

tmax
G)((yl) (w - wmax) = Z gt(ay Wmax)eiaw"d
t=0

Remember

70 (q?) = / dw 0 (Wpae — w) W (w, ¢?) ?
0
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1
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Integration kernel
(l)(

However, we can instead use K, = O’ (W — Wmax):

tmax

@c(rl) (w - wmax) = Z gt(O', wmax)e_“‘*’t
t

0NN B W, 2 S
ZU’L(q ) _/0 dw Og (W — Wmax) W~ (w, ¢°) ol g ]
1.00 F i
> 1) 2\ _—awt
= Z%(@ Wax) / dw WI(, (w,q”) e % s omr
t 0 @ gs0f
= Z gt (07 wmax)G(l) (t, q2) 0.25
t 0.00 . , -
-1 0 1 2 3
0 (w - Wmax)/mB
® _ 2
z (q )= ;IE%J LIEI;OZ At , L) smeared kernel
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Workflow

We have a procedure to calculate inclusive rates directly from lattice correlators!

Calculate 4-point functions on the lattice G (t, g?)

. Approximate smeared kernel ©, = Y, g:(0, Wmax)e ! to find g;

Calculate 37, g¢(0, wmax) G to obtain Z(Sl)L(QQ)

. Take the limits lim;,_,o and lim,_.q, in this order
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|. Lattice correlators

ETMC
Twisted-Mass action (OS for s, ¢)

Np=2+1+1 LxT=232%x64

a =0.0815(30)fm, M, = 375(13) MeV

tsre = 0 Tk = 32a t2 = 22a t1 = 4a

my =~ 2m, — Mp, = 3.08(11)GeV < M¥™*
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4
t
¥

GO
G
)|
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(t —t1)/a

ETMC correlators

[Gambino,Hashimoto,Machler,Panero,Sanfilippo,

Simula,AS, Tantalo, JHEP, 2203.11762]
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Workflow

We have a procedure to calculate inclusive rates directly from lattice correlators!

Calculate 4-point functions on the lattice G (t, ¢) v/

. Approximate smeared kernel ©, = Y, g:(0, Wmax)e ! to find g;

Calculate 37, g¢(0, wmax) G to obtain Z(Sl)L(QQ)

. Take the limit lim;_,», and then lim,_,g, in this order
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Backus-Gilbert regularisation
Hansen, Lupo, Tantalo, PRD, 1903.06476

[oe) tmam
Alg] = a/ dw{fo) -
Ey

t=1

A. Smecca (Swansea U.)
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4 x10%

0.5

[Hansen, Lupo, Tantalo, PRD, 1903.06476]



Backus-Gilbert regularisation
Hansen, Lupo, Tantalo PRD, 1903.06476

Wiyl
g

— -2 gy,

A[0) =0

Wilgl

gt :9?

fe's) tmazx 2
Alg] = a/ dw{ 0V — Z gre” vt
Eo t=1

‘e Cov[GO(at), GV (at!)]
Z gtge G(l)(O)]2

tt'=1
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T T T
1.25 — target 1
— reconstructed |

-1 0 1 2 3
(w - wmaa:)/mB

[Gambino,Hashimoto,Machler,
Panero,Sanfilippo,Simula,AS, Tantalo, JHEP,
2203.11762]
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Finding A\,

0.4

oo oW ()

O
A=

e small A: good approximation but large
statistical errors (inverse problem)

e large \: bad approximation but small
statistical errors (eccessive regularisation)

0.2 " L L " L
0 0.05 0.1 0.15 0.2 0.25 03
A

e )\,: optimal balance between systematic
[Hansen, Lupo, Tantalo, PRD, 1903.06476]

and statistical errors
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Workflow

We have a procedure to calculate inclusive rates directly from lattice correlators!

Calculate 4-point functions on the lattice G (t, ¢) v/

i. approximate smeared kernel ©, = 3", g¢(0, wmax)e " to find g, v/

calculate 3, (0, wmax) GO to obtain 2(9)}4(,12)

. take the limit lim;_,o, and then lim,_.q, in this order
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)

5
1. calculate Z' 7(g?) Bulava, Hansen M.T., Hansen MW., Patella, Tantalo, JHEP, 2111.12774

a

A
ol EAl/A |
S5t ]
b
14} ]
0.001 0.002 0.003 0.004 0.005 0.006 0.007

Alg]/Al0]
[Gambino,Hashimoto,Machler,Panero,Sanfilippo,Simula,AS, Tantalo, JHEP, 2203.11762]

1 sl _ 1 e _ 1 Jrel‘f(rfa)
—67 90 (x) - W(Ts%‘y 90(1') - f
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Workflow

We have a procedure to calculate inclusive rates directly from lattice correlators!

Calculate 4-point functions on the lattice G (t, ¢) v/

i. Approximate smeared kernel O, = 3", 1(0, wimax)e " to find g, v/

Calculate Y7, ¢(0, wmax) GO to obtain Z) (¢2)

. Take the limit lim;_,», and then lim,_,g, in this order
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IV. extrapolate to 0 — 0

r r
0.0775 s orozo ]
0.0750 | § o070 1

-,
007250 [ SSssol ® oz |
S Ss~o
—~ SaoSSI~
o~ ~ ~a
5 0.0700 F <~ = _
= SN ~

=2

X 0.0675 F - ~ i
0.0650 | = _
0.0625 F i
0.0600 £, . . . . i

0.00 0.05 0.10 0.20 0.25 0.30

[].12

OAIO

—~ 0.08

0.06

0.04

0.02

L ! (_){571(1)2{(71) I 4
s o o
§ odzm }
1 1 1 1 1 L

0.000 0.025 0.050 0.075 0.100 0.125
o/mp

[Gambino,Hashimoto,Machler,Panero,Sanfilippo,Simula,AS, Tantalo, JHEP, 2203.11762]
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Workflow

We have a procedure to calculate inclusive rates directly from lattice correlators!

Calculate 4-point functions on the lattice G (t, ¢) v/

i. approximate smeared kernel ©, = 3", g¢(0, wmax)e " to find g, v/

calculate 3, (0, wmax) GO to obtain ZSDL(QQ) v

. take the limit lim;,_, o, and then lim,_.q, in this order v
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Comparison with OPE

~s0f {
= ; _ ’
8 250 V-A ETMC

KRR :
o S I I R ) * 3 L) [} 3 ]
r I ]
S 1ol ]
= r S
>~ 05F ]
= L i
S i ]
0.0 R N S S T R

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7

q’ [GeVQ]
[Gambino,Hashimoto,Machler,Panero,Sanfilippo,Simula,AS, Tantalo, JHEP, 2203.11762]
e



Comaprison with exclusive decays

4_

(GeV?)

Vv

e

exclusive expected
exclusive wy = 0.9Wnin

inclusive wy = 0.9wpin

0.0

0.2

0.4
q” (GeV?)

0.6 0.8 1.0

[Barone,Hashimoto, Jiittner,Kaneko,Kellermann, JHEP, 2203.11762]
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Conclusions

e Inclusive semi-leptonic decays are now accessible with lattice QCD

e One can use different methods to perform the kernel reconstruction and perform the
numerical integration of the structure functions (Chebyshev, Backus-Gilbert, . ..)

e Agreement between lattice QCD results and OPE is encouraging

e For physically relevant results, need to take all the relevant extrapolations: a — 0, L — oo
phys
b

e simulations with m necessary for accessing the correct phase space

e Method is general and can be applied to B — X, lv and D — Xlv decays as well as
T — Xuth
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BACKUP SLIDES
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Lepton energy moments

quOdEg E?e [2#] =0
Lne(q2) _ dq?dqodEy

dr
f dQOdEZ [dqﬁdqodEe] " 00 "
Zpor(@®) = /0 dw O (Wmax—w) Wi, -1 (@, ¢°)
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0.5

0.3

Ll [GGV]

0.2

0.1

0.0f

0.6

0.4F

(333 3 s 3 & [} L] & 1
. — V_AOPE :
- — V- AETMC E
0.0 0.2 0.4 0.6 0.8

¢* [Gev?]
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Extrapolation

T T T T T T T
0.090 E @31(0)Z((,O) i Comb. Fit Linear |
® ozO A Comb. Fit Quadr.
0.085 ® 020zO -
5> 0.080 -
=
> ~
X, 0.075 e -
0.070 F1— Bl SN & -
0.065 - 4 -
1 1 1 1 1 1 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30

o/mp
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Systematics

1.0 %
L
2 4 it
s o ¥
e ¥
~ i
%|€ 0.6
<
= |8
>
= 3
O 04
&
0 dra & Jre 5 dre
0ol MO o ars O drF K ari
) dr c ¥ dr'H ® ar)
7o E arD
00 01 02 03 04 05 06 07
q* [GeV?]
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extrapolate Z() individually

and then sum

extrapolate with all values

of o

choosing A > A,

sum and the extrapolate
sum of Z(®

Tmax = 15
Tmax = 16
Tmax = 17

Bootstrap
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Tensor Decomposition

Accoding to Lorentz invariance and time-reversal symmetry, the Hadronic Tensor can be
decomposed as follows

y y pHp¥ ie"Ppag
W”&@Zﬂ“%@ﬂ%+w‘%Wf%"—7£EMWA5

Bs Mp,
q"q” p"'q” + pq"
+ - Wi(w, ¢*) + ————Ws(w, q°)
B, mp,
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For convenience we will redefine these components w.r.t. a different basis:

q

fi = @ . p =0 gl . g(b) — sab

3
a=11,j=1 Y(4) _ z ﬁz(WOZ + WZO)
=1
Y(Q) WUO
3
y®) Z Ik p ki
3
Y(3) _ Z LRI WY 1,5,k=1
ij=1

A. Smecca (Swansea U.) LQCD Inclusive decays ULKFT 2024 38/31



Y correlators

100 4

b % > ¢ YW
o>
o & > b YO
U &
1072 1 b & Z . oye)
o : > oy
{ >
104 - S [y )|
N : 4 > >
~ M
1076 s}
&l
" s
10—8_
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Decay rate structure functions

w0 —y®@ L y@ _yM®
w = oy _ oy _y#)

w® —y® _y®
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This presentation is mainly based on:
“Lattice QCD study of inclusive semileptonic decays of heavy mesons”
J. High Energ. Phys. 2022, 83 (2022) [hep-lat: 2203.11762]
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Inclusive decay rate

i@ [GeV?]
—o—

dr

247
2IVal?
e

AL (Gevd]

247°
GEVal AP

&)
0.5
0.4
0.3 i
0.'1 0:2 0:3 074 0:5
q* [GeV?]

D, — Xlv
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Lattice QCD and semileptonic B-decays

Lattice QCD has been extremely succesful in
determining |V, to a very high precision
through the precise calculation of form factors,

e.g..

<D$(p/)’VM‘B$(p)> — th(lU)(U—i-U/)M

vV Mp,Mp,

+h_(w)(v —v)*

where hy and h_ can be extracted from fits of 2- and 3-point correlation functions and can be

used to calculate the relevant form factor.
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Lattice QCD and semileptonic B-decays

The study of exclusive semileptonic decays on
the lattice requires information only about the H2 — P2 5 AH2 — P2
ground state of the daughter meson, which is
something which is easily accessible in lattice

QCD.

=» Things are different for inclusive
semileptonics decays, where we require a
sum over all final states > X
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